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The problem of extremal stresses in the first fundamental problem for a half-plane and 
a circle depending on the stress distribution on the contour is studied by using estimates 
for the integral operators of plane elasticity theory. S. A, Kas’ianiuk solved the problems 
for the half-plane and G. I. Tkachuk for the circle. 

It is known from Cl]. p.293 and from @] that the stress components Xx, X,, Y, at the 
point z = 5 + iy in the first fundamental plane problem for the half-plane Y < 0 are 

defined in terms of the normal N(t) and tangential 2’ (t) stresses given along the s-axis 

by using the equalities X, $ Y, = 4ReO (2) (0.1) 

Y, - Xx + XX, = 2 [i@‘(z) f Y (z)] 
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In the problem for the circle I z / d R, as is known from @I, the tangential and normal 
stresses R, and,R, at the point z = rei”, r + 0, are defined (in a polar coordinate system) 
by the equalities 2x 

R’=-ra aQ 
2R,rt= 2 -gj- + q 1 g1 (t) T (t)dt (0.2) 

0 

2n 

2R,rZ = r R2-? aB R2-9 
2x 

2 
-+_- 

ar ‘al s & (t) T (t) dt + ; s a (t) N (t) dt 
0 0 

2rr 

a = f c [41 (1) N (t) - gz (t) T (‘)J dt 
b 

Here and henceforth, we have introduced the notation 

Rs-r2 
0 (9 = B2 @) = 

2rR sin (0 - t) 
g(t) ’ g w 

9 g(t) = Ra-2rRcos(0- t)+r’ (0.3) 

and N (t) and T (t) are the corresponding, given normal and tangential stresses on the 
circle z = Reii. Therefore, the stress components at an arbitrary point z of the domain 

under’consideration are functionals defined on sets of functions N (t) and T (t) . If it 
be required that the functions N (t) and T’ (t) satisfy_some constraints, for example ; 
either 

or IlN (1) I < 1, T (t) = 0 (0.4) 

IT (t)l < 1, m (t) =- 0 
or 

c [Ns (t) -j- T” (t)] dt < Z2 
i? 

etc. , then the problem of seeking the extremal values of the quantities 

etc., and the functions N 6) and T (t) realizing them, can be posed. 
To solve the formulated problems herein, various modifications are utilized of the 

Cauchy-Buniakowski inequality in Banach space p] 

I XWI ~<lx+*u~l!~/l (0.5) 

where X (2) is a linear functional. (I z 11 is the norm of the element and (I X * * II is the 

norm of the functional. 

1. let us first examine the case when T (t) c 0 along the half-plane boundary, and 
N (t) satisfies the conditions 

N 0) = 0 (I t I > a), I N 0) I d 1 t1 da) (i:l) 

caused by physical considerations [l]. Then 
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Here as well as henceforth, the following notation is introduced 

h, (2) = YZ (t - 31, hz (1) = Y 0 - s)*, h (t) = (2 - t)” + yz (1.3) 

utilizing an estimate of the form (0.5) for the integrals (1.2) with the constraints (l.l), 
we rapidly obtain that the maximum of X,&J N (t) is realized only by a function N, (11 
of the brm: 

1) if 1x16~ 

No (1) = 0 (I s ! > a), No 0) = -I (-a d t < t), JV(J (t) = I(5 < t,< a) 

x,= -$[a - @J 6% y) - 63 (--I, Y)l 

Is (f, Y) - a F--2, ~41 + -$- 10 (4 Y) - 6 k-5, 391 

(a + 4 et% Y) = /)(__a) J ok Y) - /&) T 
-- e (5, y) = arc tg (a + 4 

y 

2) if p: < -u (or = > a) 

No (q = 0 (I t I > at, N, (q = + j (I t I G aI 

X, =F 4 10 (6 Y) - 40 (-2, Y)l 

yII =* -$” [e (5, Y) + 0 (-$9 y)l f f 18 (G Y) + a 6% YII 

(the lower signs correspond to the case t > a). From the same considerations it is clear 
that the maximum of Yv in N (t) is realized.only by a function N, ft) of the form 

No (t) = 1 (I t 1 < a), Ni, (t)=O (I it I > a) 

Y, =- -g [e (G Y) + 0 t--z* Y)I - f [s (2, Y) + a (--G Y)I 

Now let ns examine the case when N (t) m 0 along the half-plane boundary and T (t) 
satisfies the conditions 

T (t) = 0 (I t I > al* I T 0) I d 1 (I t I d a) (1.4) 
Then 

Utilizing an estimate of the form (0.5) for the integrals (1.5) with the constraints(l.4). 
we obtain that the maximum of X, in 2’ (t) is realized only by a function 2’0 (j) of the 
form 

T, (1) = 8 (I t i d 4, To 01 = 0 0 t ! > a) 

_r = AL 
Y II fe (2, Y) + 8 (-5, Y)I - f Ie fZs Y) + e t--2. Y)I 

Y” = + [a (5, Y) - 0 (--I, y)l 

the maximum of Y,in T (t) is realized only by a function TO (t) of the form: 



To (1) = 0 (I t I > 4, To(t)=--l(--a<C<Z). To (f) = I (2 < t 6 a) 

Y, = f [a - 6J (r. y) --o (-2% $01 

xv= -$ p (2, y) - 8 (-14 Y)] + 4 1~ (G y) --e t--z, HI 

2) if s< -a(.or 5 > a) 

To (1) = 0 (1 i! I > 4, To (4 =* 2 (I t 1 < 0) 

y, =7; 10 (x1 Y) --o t-z, Y)] 

x, =f + P k Y) + 0 b-5, Y)l T f 18 (G Y) + e t---r, Y)l 

(the lower signs correspond to the case 2 > a>. 
Finally, let US examine the case when the stresses along the half-plane contour satisfy 

the condition QD 

s 
[I2 (f) + T2 @)I dt < 1’ (1.6) 

Taking account of the notation (l.3), we have from the equalities (0.1) 

dt 
0.7) 

a0 
n 

Y& ) [-y3N (4 + h (t) T WI -&- 

and in this case the inequality (0.5) becomes 

As is known from p], the equality sign is realized in (1.8) only by those X, and Y, which 

correspond to the functions 

I 
PAi1 - Xg2 12Au - X,Y, 

P& - X,Y, lZA22 - yy= 

00 

4 
An = 7 

s 
1 Yhz (9 & _ 

ha (‘1 --2rry 

A12 =Aal=-& c Yhl 0) -dl=O 
L ha w 

-es 

W) 

No @) _ 2 tm C) - WI 2 Wz (0 + E&l (9 
ax h%(l) 7 To([) = 7 hZ (9 1 

with appropriate 61 and 52. 
Consequently 

(1.9) 

2nY 
-7x,2- 3 

“q$ Yu”<l 
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- (cont. ) 

(1.10) 

while those realizing maxNltj,T(tjYy and maxN,(f),T(f) 1 X, + iYtl 1 have the form 

No(t)=-- - 
ly’3 y3 2 t1/3 hl (f) 

n: 1/--2ny he(l) ’ ro(t) =-ii- I/z&j ha(t) 
(1.11) 

The values of g, and 8, for the extremal functions (1.10) and (1.11) are found from the 
equations 

cp k(l) No (‘I- ha (r) To (t) 
hP (t) 

dt 

1 t/s 0 

y’--2rcy - f_ 
-- 

s 
-_ysNo tf) + ha (t) To (t) 

as (t) 
dt 

Here hro (2) and T, ft) are determined by the equalities (I., 9). 

2, The first fundamental plane problem for a circle is investigated in perfect analog. 
Let us first examine the problem of maximal Rsand R,. at the point z = rt”, r # 0, of 
the circle 1,s I \< R, when only a normal stress 

N (0, I N tt11 cs 1 (24 

is applied to points of the boundary circle z = Re*, 0 < t < 2n . In this case T (t) 3 0, 

hence we obtain from (0.2) 2% 
P-r= 

R, = 43-W= (2.2) 

w 
(R* - r-) ‘2 

R, = c 
Rcos(t-0)-r 

2nr gn (11 
Al (t) dt 

‘0 

The maximum of Iisin N (t) is realized, on the basis of (0.5), only by a ~WIC~~O~ .Ne it) 
of the form 

Nil (0 = 1 (0 d t Q 0 + n), N, (t) = --I(Odf<O, n-k e<t<2n) 
moreover 

2Rl 
R=---- e nr ’ R, = 0 

The maximum of Bt in A’ (t) is reafized only by a function N0 (t) .of the form 
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No (t) =- z (6 < t < 2n - 6), No(t)=1 (O<t<<,2n-ti<t<22n) 
.r 

6=e+arccosT 

moreover 

R?=-$ ~~~--2+_$ arc tg 
J 

R-I-r 
R--r’ 

R, = 0 

Now let us examine the case when 

a = lIeit. odtG2JX N(t) 5 0 

along the boundary of the circle and the tangential stresses satisfy the constraint 

I T (9 I =G 1 (2.3) 

In this case 

Bn R (R” - rz) 
R,= -- 

s 

R (R” + 39) - r (3Ra + 9) cos (0 - t) 

2519 g2 (‘) 
T (t) dt 

0 

276 

Rs-ra 
R, s 451r= s 

gs (t) [Ra + 3rg - 4Ri cos (t - e)] 

g (‘) 

T (t) dt 

n 

(2.4) 

Since R (3~9 + R*) > r (3R* -j- ra) for r < R, then the maximum of R, in T (t) realized 
only by the functionT, (t) s 1 and moreover 

1P 
R,=T. R,=O (r#O) 

Two cases should be separated in seeking the maximum of R, in T (t) : 
1) If 0 < r < i/3R, then the maximum of R, in T (t) is realized only by a function 

TO (t) of the form 
To(t)=2 (e<t<e+n), To(t)=--1 (O<tt, 0,e+ti<t<zn) 

moreover 
R, = y- 

R-l-r 21R 
21 R’;r’ In~-_r- 7, R,=O 

2) If VsR < r < R, then the maximum of Rrin T (t) is realized only by a func- 

tion To (t) Of *e form To(t) = 2 (6 g t q tl, n + o \< t q f$ 

To(t)‘=-- (Ogt<0,11<t<x+e,tz<t,<2n;) 

h= 8 + arc co9 

R2 + 39 
4nR ’ i,=2~+ 28-h 

RP =- ’ 
Rg - 3r~ 

n*% f 21n 2 ’ (RiF ‘s’ , R, = 0 

Finally, when the stresses along the boundary of the circle I z I Q R satisfy the condi- 

tion 2% 

s 
IN2 (t) + T2 (41 dt < I” (2.5) 

we have 
0 

2% 

1 

R0=- 
s 

@I (t) [2P (3r’ + R2) - 2Rr (r2 + 3R2) cos (fJ - t)] T (t) - 
0 

- g2 (t) (R’ - r2)2 N (9 5 
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2x 

Rr = 
R2--rz 

4nr2 c ha (1) [St8 i- R2 - 1Rr eos (8 - t)] T (1) + 
b 

+ gl (1) 2r [R Co9 (6 - 1) - r] N (t)} -!E g (1) 
In this case the inequality (0.5) becomes 

ZW,, - R,2 -R,R, . 

-ReRr P&z - R,S >O 

ax 
1 

Bz1=7z 5 g::(t) [2RZ (3r* + Rg) - 2Rr (rs + 3R7 cos (0 - t)12 -&jj- + 

0 

+ (R* - r2)a 2n 
4Rr2 c 

gf (t) dt 

; g f”) 

(2.6) 

Bes=(R;;“lz)a I(g$(t)[3r’+ R~-~Rrc0s(9--)]~+ 

0 

-j- f&l4 (t) [R co.9 (0 - t) - r]‘} - 
ga (9 

Hence, the ellipse of values of R, and R, is defined by the inequali~ 

The boundary points of this ellipse correspond only to functions of the form 

i 
To (1) = _Rlo I fZRZ(3r2+ f-p) _ 

4Jf+ g(f) IfBll 
gz (f) - 3% (r% + 3R‘7 cos (0- 1)] + -$ - (R2 - r2) l sin z j3Fa $ 

i a (I) VBZZ 

+ R2 - 4Rr cos (8 - t)J 

Nofr) =- i - % * (fp _ r2)2 + 
4rrr* 

1 Ri (t) 1 sin a 
_/_---..-_ 

4nr2 6 ttj vz 2 (R” - rs) if2 ~0s (8 - 0 - 4, 

These functions realize the maximum. of R, for dl = 0 and the maximum of Rt for 

a = ‘I$ n, 
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